The inequality of Ganelius states that, for suitable functions f and g on an interval [a, b ] , f dg 5 [inf f +var f ] sup j, dg, where the supremum is taken over all sub- intervals J of [a, b ] . A more general version of this inequality is derived as well as certain related generalized mean-value theorems.
Introduction
The second mean-value theorem of the integral calculus states that if C$ is an integrable function over an interval [a, b] , and f is positive, bounded, and non-increasing over [a, b] , then for some number 5 between a and b. This result appears to be due originally to Bonnet [2], with improvements and modifications due to Weierstrass and Du Bois Reymond [4] (see also 19, 34211).
The main aim of the present paper is to establish versions of these theorems valid under considerably weaker assumptions on the function f and 4, and to point out the connection between these mean value theorems and certain integral inequalities of a type introduced by Ganelius in [6, 7] . The original Ganelius inequality stated that if f and g are functions of bounded variation on an interval [a, b] with f non-negative, and f and g having no points of discontinuity in common, then r f ( x )
where in£ f and var f denote the infimum and total variation, respectively, of f over [a, b] 
An extension of Ganelius' inequality
The main theorem of the paper is the following improved version of the Ganelius inequality. The proof, which rests on an alternative (unpublished) proof of the original inequality due to D. B. Sears, is given in $3.
THEOREM. Let f and g be functions of bounded variation on [a, b] with no points of discontinuity in common, and assume f is non-negative. Then, (See [9, p. 5461; c.f. also [9, p. 5421).
2.
Observe also that in both part (i) of the theorem above and the original inequality, the assumption that f be non-negative is necessary. This may be seen by considering (4) in the case when f is negative and g is continuous and strictly decreasing; here the left side is positive, while the right side is zero.
3. Observe that, on replacing f by f -inf f, we obtain
The theorem remains true when (4) is replaced by (5) . In this form, the assumption that f be non-negative is not needed.
The following results may now be deduced from the theorem.
COROLLARY 1 (Ganelius). I f f and g are of bounded variation on [a, b] with no points of discontinuity in common and f is non-negative, then (2) holds.
Proof. It is enough to show that But, for each E > 0, one can find a number c, such that f (c,) < E + inf f. Thus 
;
the result now follows by rearranging this identity.
Observe that one can obtain the original mean-value theorem (1) by setting B = 0 and choosing A = f (a).
Proof of the theorem
Before proceeding, we need the following simple . We approximate to P and N as step functions as follows. First, given F >O, divide the range of P into sub-intervals of length not larger than E and define a new function P, to be equal to the infimum of P over each interval K whose range under K is one of the above sub-intervals. If the range of N is of length not larger than E in K, define N, as inf N (over K). Otherwise, split up the range N(K) into sub-intervals with length not larger than E and define N, in each of these sub-intervals to be the infimum of N in that sub-interval. Then replace K in PC by as many sub-intervals as necessary (it is not necessary to redefine P,). 
